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» Mathematical Models of Systems

The modeling procedure is summarized as follows:

Define the system and its components.

1.
2. List all assumptions.

3. Formulate the mathematical model.
4,

Write the differential (Laplace transform, state-space)
equations describing the model.

. Solve the equations for the desired output variables.

o1

6. Examine the solutions (often times by comparing with
experimental results).

7. If necessary, revise assumptions and model, then
analyze again.
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Modeling: A Damped Spring Mass System

Example: consider the pictured damped spring mass system

N Y Y N\ wMmass , Applied force
K M F(t)
A
/ | » X
damping

(friction) f

1. The system consists of a mass M and a spring with spring
constant K.
2. Assume
(1) The spring obeys Hookes' Law: i.e. restoring force is
proportional to displacement from equilibrium position.
(2) The damping is proportional to the speed of the mass M
as it moves along the surface.
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3,4. Write the describing equation: by Newton’s second law

2
Foee = Ma =M d th)
dt
Now,
dx(t)

F . = F(t)—Kx(t)— f
net ( ) ( ) dt

F(t) :applied force, Kx(t) : restoring forceof spring
dd() damping force

sothe differential equationis
2

d th) Lt dx(t)
dt dt

M + Kx(t) = F(t)

5,6,7. Solve the equations for the desired outputs :
Examine the solutions
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®Transfer Function(

& AEH(linear time- invariant) A|AR => FI==H0A 64

HEE)

MO A A B S A 10 A1

Hge G(s)= PE I IXAHS 022 JHA
(. HAAHC SEH X SEH42E ORI OHI)
S
6(s)=28)
us)
= u(t) MYele =< y(1)
- s
u(s) G(s) y(s)
R(s) (bmSm + bm_lSm_l LR bg) C(s)
P -

(CIHS”+ an—l‘g”_l 4.0+ a{})
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@ LBIEOI HE A2 AIAEIN (45 MTEta

a, y(n) + an—ly(n_l) Tt aly +a,Y
=b,u™ +b, u"™Y ++bu+bu  (n>m) (2.51)

FIXAHS 022 JIAEGHD Laplace HE6HHAH

-1
(a,s" +a,,s"  +--+as+a,)y(s)

:(bmsm +bm_15m—1+...+bls+b0)u(s) (2.52)

G(s)= y(s) _Db,s” +bm_1sm_‘1+---+bls+bo _N (s) (253)
u(s) a,s"+a,,s" +---+as+a, D(s)
D(s): SHCIgAl, D(s)=0: SHUFAZ QEGt= s gt 2F
ANAEIO O dS0l HEE S
N(s): HRCIEHAL N(s)=0 S DHE5lE st (A H
AUCHETR MESHH S 9SS &
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S+3
G = 2.54
(s) (s+1)(s+2) ( )
v
A
=2 A (pole): %
A (zero): 0
O3 -2 1 0 S

O 2.5 AMAE (2.54)9 SE-FF ZAl
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Newton?| Al 2 & 0|2
MmX+kx=0(t

N

?| AlZ Laplace Bi&6tH

Ct2 X(s)E A Laplace B850 x(t)E R 8tC}.

x(t):ﬁsin\/%t
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® E=H < (block diagram)
ARl Sl AIAES 2 QAINAHAZE HEH 22 JIXH & AlA
ol 4SOl EN PSS 0IXIEIE CAROR LEHH ME.
(IR NIEC R I ORI
e 2.6 HE I Al ol EFEHNT

+ e(s)

D22 UE 2 dE
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—H(s)y(s) (2.57)
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=3 y(s)2 Mo

= u(s) AHOI2] 2t A2

y(s)=G(s)e(s)

I'|

4l (2.57)2 &l (2.58)01 i &
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Electric Network Transfer function

Table 2.3 | = d_q
dt
Com ; Voltage- Current- Voltage- impedance Admittance
ponen Current voltage charge Z(s)=V(s)/1(s) Y(s)=I(s)/V(s)
[ v(t) = = j i(r)d7 | dv(t) 1 1
A m=C== v==at) = G
Capacitor C Cs
dCI(t) E—G
AN— v(t) = Ri(t) i) ——v(t) Vi) =R R -
Resistor
JOO\ dl(t)lt L (t) 1
v(t) =L (t) ! Ls s
Inductor
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* Usageof LaplaceTransform

oo

F(s):j f (t) e Stdt

0]
By KVL = >(
y s —l

di + R

Chapter 2. Modeling in the Frequency Domain 16/44



< Method 1> By characteristicequation
di

LE+ Ri=0 (Natural response) D
Let i = Ae® (2)
di
— =sAe" 3
m (3)

2)and 3) — ()

LsAe® + RAe™ = (Ls+ R)Ae* =0
For nontrival solution

R

Ls+ R =0, S=—— (4)
L
_Ry
4) —»> (2) .. i=Aet (5)
If initial current (at t=07) is I, then
i=A=1, (6)
_Ry
6) —> (5 I=1let
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< Method 2> By LT
Lsl(s)+ RI(s) =V (s)
(Ls+R)I(s) =V (s)
1(s) 1

=T(s) = — Transfer function
V (s) Ls+ R
If v(t) =u(t) : unitstep fn. I
1
V(s) = 1
S .
0

1 (s) =T (s)V (s)

1 1 a b —L/R 1/ R
1 (s) = F— = +— = +
Ls+ R s Ls + R S Ls+ R S
L) — e L
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If L=2H ,R =10Q,Vv(t) =1V
1 1 1/2 1

1 (s) = -— =
2s+10 s s+5 s
By PFE
I(S):U—Z'EZL-FE
S+5 s s+5 s
1/2 1
a:_ _- A .
S |« 10 1 i(t)
b 1/2 _i 10
s+5|_, 10
1 (s)=— 1 1 + 13
10s+5 10s - :
By ILT
i(t):—ie‘f"wi , 120
10 10
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The amplification factor is dependent on both the source and load impedance

To be an ideal amplifier,

o e v ()=v.—n
1) Differential Inputv. = (v. — V) In S
in 2 1 RS + Rln
)R —> candthusv ~v =v —v F\>L
3)R , — Oandthusv = Av_ = Av . V= AVin R R
A)A = o (ideal) out T 1L
Vo = A(v, —v))
R
+V out
+v (1) o
- llf?{!-] n’% 1:IE"'!
+v5(1) A ;
I
-V
oy
Nl
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The Operational Amplifier (Closed-Loop Model) |

@ The Inverting Amplifier

Vv
or v =——2 (=0=V")
A\/(OL)
And, s =y Vs _ Vo
R, R
R
. _ F
SV ==V
RS
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Figure 2.10 e

a. Operational i) ~L_ .. Vi (1) ~ »
amplifier; () A} ) vo(?)
b. schematic for an 2 !
mverp_ng operational v j
amplifier; —
@ ®)
Zy(s)
— AN—
(o). A1) ~—I5(s)
S V S Vi(s) Vi(s) 2
11(5) =—1,(8), 1,(8) =) () =) o
Z,(S) Z,(S) Ls)
V,(8) _Z,(9)
Vis)  Z,(s) -
()

c. Inverting operational amplifier configured for transfer
function realization. Typically, the amplifier gain, A, is omitted.
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Translational Mechanical system Transfer Functions

Table 2.4
Component Force— Force— impedance
velocity displacement Z,(8)=F(s)/ X(s)
| >
spring x(t)
t
f)=K[v(z)dz f(t)=Kx(t) K
0
Viscous
damper
—1 > x(1)
| > f)y=~fv@t) =1, ax{®)  f,s
— dt
fV
Mass
> Xx(t)
_ g SV (D) . d2x(t) )
M s D) fFO=M— FO=M— Ms
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Examples 2.16 Transfer function—one

equation of motion

Problem Find the transfer function X(s)/F(s), for the system Figure
2.15(a).

> x(t)

TOO |

\ 4

Y

Ms + f s+K

Figure 2.15
a. Mass spring, and damper system.

b. Block Diagram
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\ 4
v

x(t)
KX(t)«— KX(s) <—
dx
f, P M — XS« M +——
d2x ft F(s)
M= <+—] Ms * X (s)€—
dt
(a) (b)
Figure 2.16

a. Free—body diagram od mass,spring, and damper system.
b. transformed free—body diagram

d*x(t) dx(t)
M gc2 + f, Ot + kx(t) = f (t) (2.108)
Ms?X (s) + f,sX(s) + KX(s)=F(s) — (2.109)
(Ms? + f,s + K)X (s)=F(s) (2.110)
~ X(s) 1
G(S)_F(s)_M32+fvs+K (2111
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X, ()

Ex. 2.17 Transfer function — two degrees of freedom. Find

F(s)
__il(f) f» __ig(f)
SO —— —
LM o [ e R
— 0000 I_Ml K | M) JWBUL SO|)
l\‘Il\‘I‘\ll‘\ll‘\ll‘\'il\‘Il\‘Il\‘Il\‘ll\\\ll‘\ll‘\ll‘\ I
fw] fv/
(@) KiXi(s) =— o
fi5X1(s) ..—M " s M = K3 X(s)
F(s) (fus TK) Xos) Fioy —= L[ RO £ 8 X(s)
A Ms2Xy(s) =—— i ’

_ () (a) ()

Figure 2.17
. K+ K5)X(5) =—
a. Two-degrees-of-freedom translational SN
) (o, T )sXi(s) =— = KaXals)

mechanical system : M,
b. block di Fs) == e f 5 X0(s)

. DIOC lagram Mys2X,(s) =—] -

(©)

Chapter 2. Modeling in the Frequency Domain 26/44



| M7+ (fy+ ) s+ (K + Ky [ X, (5) (a8 + K, ) X, (5)=F (s)  (2.118a)
—(f55+ Ky ) X, (8)+[ M,s? +(f,, + f5)s+(K, +K,) [ X, () =0 (2.118b)

A M,s® +(f,+ f;)s+(K +K,) —(f5+K,)
—(f5+K,) [M252+(fvz+fv3)s+(K2+K3)]
Ky Xp(s) =—
 sXp(s) ——] KyXi(s) —=
fzS 2(3) M2 f— K3X2(S) _5M2 ..:
ﬁ,3SX2(S) "_ ﬂ,}SXl (S) —l-
AX =F Mps?Xp(s) =—
b
Al (@) ®)
(A" = [aijg ARJAH'/A, detA=A) (Ky+ K3)Xo(s) =—
."-“."_"',ﬂrg'SXl(S)
Xo(8) _ gy (fuaSH Ko (it fu)sXals) =—] My
: - (S) — o KX (s)
F(s) A
MzSzXz(S) -
(c)
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Rotational Mechanical system Transfer Functions

Table 2.5

Component Torq\L/Jee@iﬂsu'ar ngggg_caerr]r?srl]?r ?Mp?:;ici (s)/0(s)

| spring Tt L6(1) t
':| @@’O‘é{ T(t):K_([a)(T)dT T (t)=Ko(t) K
| k

R Ty o0
- | | / T(t)=Do() Tt=p2%"  Ds
- D \ \ .

Inertia T(t) 40(1)
J
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Ex 2. 19 Find the transfer function

T(r) 61(1) O1(1)
m[‘ ANAlr>a

J J?

0,(s)
T(s)

() 6,(2) 6,(1)

Beariné \/\/‘ \ Bearing

D, Torsion D,
(a)

1(s)

Figure 2.22
a. Physical system,;

D> >
.
[\
@

(©)

b. schematic; c. block diagram
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@(s) Direction 6(s) Direction @(s) Direction
? (5) = J;526,(s) 1; (5) ~ J1526,(s)
QN }DIS'QI(S') ~—— Q. }DISQI(S)
K8 (s) KO(s) K0 (s)
.~
KB5(s)
(b) (©)

. (a)
Figure 2.23
a. Torques on J, due only to the motion of J;
b. torques on J, due only to the motion of J,
c. final free-body diagram for J;

> M =130

T(t)-D6, —K8, + K6, =16,
=T(s)-D,;sO,(s)-KO,(s)+KO,(s) = J,;5°0,(s)
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&,(s) Direction 0,(s) Direction 6,(s) Direction

K6(s) K6:(s)
~ /55260, (s) ™ RSO
@) D3s65(s) }Dys56,(s)
N S

KO5(s) K6(s)

(@) (b) (c)
Figure 2.24

a. Torques on J, due only to the motion of J,;
b. torques on J, due only to the motion of J,
c. final free-body diagram for J,

> M =130
~-D,0,+K6,—K6, =16,
= —D,s0,(s) + KO, (s) —K®O,(s) = J,s°0,(s)
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(J,5° + D;s + K)&,(s) —KO,(s)=T(s) (2.127a)
~K@,(s)+(J,s° +D,s+K)9,(s)=0  (2.127b)
0,(5) _K (2.128)
T(s) A
(J,8° + D;s + K) - K
A =
_K (J,s° + D,s+ K)
Sum of impedances sum of ‘ -
connected to the _ —__ | sumor appie
motion at 91 (S) |mg§?v32§r?8 92(5) torques at (2 1 298)
0, 6, and 6, 6,
imSeudrgr?ges Sum of impedances S of atoled
ted t - um of applie
— | between [(u(S) | Comectedto e | 0,(s) — | es at | (2-1290)
6, and 0, 0, 0,



2.8 Electromechanical System Transfer Functions

Figure 2.34
NASA flight
simulator

robot arm with
electromechanical
control system
components

© Debra Lex.
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DC Servo Motor

® N2 S22 DA X X4 (stator magnet)0| EF At
(commutator) & & J|XHarmature) &4 FHOR
s MAH U= A

A4} AA

H o] %

DC ME ZEQ X
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-l HX 2

HXHE Y

Vit HA &
it HXH 8=
Va: &I|IAH & &
ia: 8IINHAE=

DC A& ZEQ 5
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@ ZHUA Eddl= £E32 F|
85 L0l 2st ol g2 58 v, &2 MIIE B2t

otH, O| M &MBt= Lorentz & F= CtS1H 2L,

F=quxB (8.1)
dF =dg %XB:iadXxB (8.2)
® XD|X POl 210] | DXI0) O5H LMdt= 8 F
F=i,([ dx)xB=i,IxB (8.3)
“:‘: Bli, (8.4)
r =R|F|=RBIi, = K|i, (8.5)
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@ MDA 220| 68t=3 3| &

3o

= [l 24t

E3

rr

r=F-Rcosf=r__ cos@ (8.6)

N
»

max

0 /2 T 79

(a) dIIX 222
CIFSEL PN

HIIxt 2| 5| #{X|of| }E EJ2| HE
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@ 12)12 DS S2H2 = Hi XISt O

0.991 1

>
180°+12 + 2 =7 .5° 15 30 45 60 75 90 J4

(@) 1200 MOIX Dol 2+A (b) &4 &3

Chapter 2. Modeling in the Frequency Domain 38/44



T =RBIli, =K,

t'a
40, _ . 46,
dt dt

=RBI &3 &=[kgf. cm/A]
K ( BIR) - <2183 (back electromotive force) & ==[V/krpm]

=> S H It 228 K=K, (=K)

Fixed
I field

e (1) Armature’ X0
. circuit
_iD)

E,(s) 0,,(s)

] G(s) b—

Hﬁf({)

_ (a) (b)
Figure 2.35 DC motor:

a. schematic!?; b. block diagram
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@ Kirchhoffe] MBI S HEet M)|al=22 =& YT 4
La (jjlf + Raia +Vb :ea’ La ~ 0 E 7]'23 ‘8]'125
R.i, + K., =¢, (1)

T,,(0) 6,,(1)
\
® DC NE 2F° =S4 @G. I S %

T.=T,+T, =K/, T, ~0 = 7}A

dYM=J§ = T,-D,0,=1J,0,

R

a

“T. =38 +D.0 =Ki=K [ea - Ke@m] )

4 0.@2RE = Jm9m+(am+&] K

a
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Hm(s) _ Kt/Ra — Kt /(Ra‘]m)

E.(s) J s’+(D +KK,/R)s s[s+(D, +KK, /R)/J ]
K

S(s+a)

-.G(s) =

® DC motor driving a rotational mechanical load
Transfer function Gears with loss

T1(1) ((7) N, N2 G,(1) T5(1)
Motor N / C # ) )
| Input
[ | drlve gear, O
Gear 1 uipu
']aaDa J | | I o driven gear,
N2 L | [ | Gear 2
D; -
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T1(1) ((7) N, N2 G,(1) T5(1)

L 4 4-C)h

| : dr;ve g,ellr O
']a_-; Da N2 . JL :; I : : et driétg::ggar,
Dy -
N 6
6, =r,60,, N,6,=N.,6,, L=——=2=n«<l1
N2 91
 Energy by input torque T, = Energy by delivered torque T,
TO =T,0, . L 6 MN_,
T2 91 NZ

T=T +T, =T +nT, z(Ja +r12\]|_)651-|-(Da +n2D|_)‘91 = ‘Jeff91+ Deff‘gl

T =J,6+D,0, T,=36,+D6,=n(J 6 +D.6)

2 2
‘]eff — ‘Ja +‘]L(%j : Deff — Da + DL (%J
2 2
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Figure 2.38
Torgue-speed

curves with an armature
voltage, e,

as a parameter

T =K,i =K, ( B, - Ke@mj
Ra
T :_KtKeQm + KtEa
" R R

a a

T stall

Torque

no-load
Speed
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Home Work #2-2 (Due date: two weeks from today)

1. Solve Problem 22(21) on page 97(100) in the text book 7t ed *(6" edition)

2. Solve Problems 24(23) on page 98(100) in the text book.
3. Solve Problem 27(26) on page 98(101) in the text book.

4. Solve Problem 43(40) on page 101(103) in the text book.
5. Solve Problem 45(42) on page 101(103) in the text book.

6. Solve Problem 59(62) on page 103(108) in the text book 7th ed.
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