Chapter 3. Modeling in the Time Domain

Things to know

- State-space representation

- Conversion from a transfer function and a state-space
representation and vice versa

- Getting solutions using a state equation
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By KVL

di
) + L—+Ri=v(t 3.1
W(1) _) . ) 7 ~ (t) (3.1)

Taking LT vyields first order state equation

Figure 3.1 AL network  L[s1(8)—i(Q)]+ RI(s) =V (s) (3.2)
(Ls+ R)1(s) =V (s) + Li(0)

If v(t) = u(t) : unitstep fn., V(s) :%

(o =ML 1), 1O
s+ R/L s s+ R/L
a1 1 j_l_ 1(0)
R\ s s+ R/L s+ R/L

i) = (1 e F/V) +i(0)e /L
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From (3.1)

w_|(t) ——|(t)+v(t) — State equation

V. (t) = Ri(t) = Output equation
or
v, (t) =—Ri(t) +v(t) = Output equation
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Ex.2)

v(t)

di .1 ..
L—+ Ri+—|idt =v(t 1
;" CI (t) (1)
dg .
—=(t 2
" (t) (2)
d?qg _dgq 1
L—+R—+—qg=vV(t 3
2 TRy rgIsv0 G
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Since the system is a second order

state
equations I

in matrix form
e

dt

di

| dt |

X = A X + B u
from (1)

v (@®) =—éq(t)—Ri(t)+v(t)

inmatrix form for output equation

[vL(t)]{—% —R}H%l] v(t)

y = C X +Du
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State variable form

State variables (&} EH & =)
. (Linearly independent) variables that can completely define the behavior
of the system.

Output variable (£ = 2 ==): A variable(s) that can be measured.
Note: In the RLC circuit example, g and i should be linearly independent.
Q: What happens if v and i are chosen?

Answer: Will not work because v and i are linearly dependent,
thatis, v=RI.

Q: A state representation is uniqgue?
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General state-space representation

inputs outputs
=
u, ——> 5 —— Y,
2
U, — x| ° — ¥,
[ ] ® [}
[ ] X [ ]
d linearly independent *
U, —— state variables Y,
state equation X = AX + Bu
Dynamic
equations
output equation y =Cx+ Du
where,
x=state vector (Nx1)
y .. dx (t
X = derivative of x = ®) (nx1)

y= output vector (gx1)
u=input or control vector (px1
A= system matrix (nxn)
B= input coupling matrix (nx p)
C= output matrix (gxn)
D= feedforward matrix (gx p)
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Converting a D.E. to a state equation

.—a X +byu(t)

z:g/jLan1%+...+al(;—3t’+aoy=bou(t)
X =Y

x2=%=5<1

X, = dd:n1¥ — -1
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| [0 1 0 0 « .« 07x7]/[0]
X‘ 0 0 1 0 e o o 0 X, 0
1o 0o 0o 1 « .. 0| x]||O
X [ ) [ ] [ ] [ ] [ ] [ [ ] [ )
- + u(t)
e 0 0 0 0 o o o 1 X1
X, |~ —& 8, 83 e o o —8., | X ] _bo_
output equations _ _

Xl

X2

X3

y=1L o0 0 . . . O O]
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Converting a transfer function to a state equation
C(s) 24
R(s) s°®+9s2+26s+ 24
(s° +9s” + 265 + 24)C(s) = 24R(s)

Assuming zero initial conditions, convert the transfer function to a
differential equation as follows:

C +9C + 26¢C + 24c = 24r (1)

X, =C
X, =C=X
Xg =C =X,
X, =C =-9C—-26C—24c+24r

=—24X, —26X, —9X, +24r
y=C=X
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x, | [ O
X, |[=| O
X; | | —24
y=[1 0 O]

r(t)
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Block diagram

C(s) _ 24
R(s) s®+9s”+26s +24

€ =-9C—26¢—24c+ 24r
=—-24X —26X, —9X, +24r

r(t)

—>

24

X, o) 1 O
X, |={ 0 0 1
e ]
B
y=[100]|x,

%
X, |+
X3

R(s)

\ 4

24

C(s)

s3 +9s2 + 265 + 24

X (1)

X, ()

26

X, ()

> Y()

0]
0 [r(t)
24

24

Chapter 3. Modeling in the Time Domain 12/36



Converting a transfer function with a polynomial numerator
Assume N=2m

R(s) | bys" +b, 8" 4+ bs +hy ©
n n-1
ans +an_1s +---+ais+a0
1 X, (S)
RO > g" +$Sn_l---+is+$ —1 > _msm'|'m—_13m_l-|-~-—ls-|-—0 C(s)
an a'n a'n an an an an
Internal variables : X, (s), X;(s) -
b b
Y(S) = C(S) = (b_msm + m-1 Sm_l + ﬂs +_0)X1(S)
a, a, a, a,
Taking ILT with zeroinitial conditions
b d™x, b, d"'x b dx, b
t:m 1_|_m—1 beeet +0
v a, dt" a dt"™ a, dt a &
y(t) :b—°x1+ﬂx2 et Dy, 4 X +b—mxm+l
an an a'n an
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— X, —
X,
The output equation is
b0 bl bm
y = LU
an an an
The state equation is the same as before B X1 |
a ) d
(1) = % () + 2L XD () 4 K (1) + 2, (1)
an an an
0 1 0 T 0o |- - .-
X, 0
0 0 1 Ce 0
X, = X, X, 0
X, =% =X, - 0
X, = X, = X, X = T
, (n-1) 0 0 0 1
Xn—l - Xl - Xn Xn—l
aO a‘l a‘2 a'n—l
X :X(n)__&)( _ﬁ _..._hx +r T - _Xn_ _1_
n 1 a 1 a 2 a n B an a.n an an i
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Example: Converting a transfer function with a polynomial numerator

R(s) 247542 C(s)
—_— -
53+ 952+ 265+ 24

(@)

R(s) : Xils) 2ier s C(s)
534952+ 265 + 24 -
_ — _ — — . Internal variables:
X, 0] 1 O || X 0] Xy(5), X5(s)
®)
X, |=| O 0 1 X, |+]0|r (3.63)
| X3 | |24 —26 9| x3| |[1]
C(s) =(b,s* +b,s+by ) X,(s) =(s* +7s+2)X,(s)  (3.64)
C=X +7X +2X% (3.65)
X=X, X=X, , X =X
y=c(t) =b,X; + b X, +byX, = X; +7X, +2X, (3.66)
_Xl_ _Xl_
y=[b, b b]|x [=[2 7 1]|x, (3.67)
| X3 | | X3 |
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R(s) SE F7s+ 2 C(s)

—_——— EEE—
§3+ 952+ 265+ 24
(a)
R(s) 1 X1(s) C(s)
- - §s2+Ts+2 L -
s3+ 952+ 265+ 24
Internal variables:
Xo(s), Xals)
> |
f
f
- 7

r(f)

.\'wj”) \W(” \1(”
I e T A e O I e O

26

24 |-

(c)
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Converting a state equation to a transfer function
X = AX + Bu
y =Cx + Du
Taking the Laplace transform with zero initial conditions yields

sX(s)=AX(s)+BU(s), Y(s)=CX(s)+DU(s)
(sl —A)X(s)=BU(S)
or X(s) = (sl — A)™"BU(s)

where | isthe identity matrix. Hence

Y (s)=C(sl — A)'BU(s)+ DU(s)
=[C(sl = A)"B+DJU(s)

Y(s)=T(s)U(s)

where

Y (s)

T(s)=——==C(sl = A)"'B+D : transfer function
U(s)
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Example: Converting a state equation to a transfer function

Find T(s):w
R(S)
(0 1 0] [10]
Xx=[ 0 0 1 |x+| 0 |u(t), y=[1 0 0]x
-1 -2 3] |0
(s 0 0] [O 1 O] [s -1 O |
sl-A=|0 s O O 0O 1 (=0 s -1
0 0 s| |-1 -2 3] |1 2 s+3]
(s24+35+2 s+3 1|
-1 s(s+3) s
(s p G =A) | oS ~(2s+1) s*|
det(sl — A) s°+3s° +2s+1
s -1 ‘O -1 ‘0 s| ., .,
det(sl —A) =s +1 +0 =58"+3s"+2s5+1
2 s+3 |1 s+3 1 2
10(s* +3s+2)

T(s)=C(sl-A)'B=

s +3s+25+1
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cofactor ¢; =(-1)"'M; (signed minor)

- T
Ch, Cp - - - G
Chh Cp - = = Gy
AdjA=| (Adj A=c,)
_Cnl Cn2 ' ) ) Cnn |
10(s? +3s+2)

T(s) =

$° +3s5° +25+1
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Solving the state equation using the Laplace transform
Taking the Laplace form
sX (s) —x(0) = AX (s)+ BU (s)

X (s) =[sl — Al '[x(0) +~ BU (9)] @h)
Y(s)=CX(s)+ DU (s) (2)
@ — (2

Y (s) =C[sl — A]'[x(0) + BU (s)]+ DU (s)
When x(0) =0,
Y(s)=[C(sl —A)"B+DJU(s)
The transfer function is defined as
T(s) :@:C(sl ~A)"'B+D

U (s)

or T(s) :C{ZZ{((:: :::‘))} B+D

C adj(sl — A)B + Ddet(sl — A)
det(sl — A)

orT(s)= (3)
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Example

BQAz[f ij BZ[QLCﬁﬂO 1], D=0

X = AX+ Bu
y =Cx+ Du

FindT(s)andt(t): T(s)=C(sl —A)"'B+D

ey B

S°+55+6 :(S+ZXS+3)

0-L e -

s+2 5+3
tt)=e* —e™
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Poles, zeros, and eigen values

Transfer function T(s):¥:C(sl ~A)B+D
Poles: the roots of D(s) =0 (5)
Zeros: the roots of N(s) =0

Eigen values: the roots of det(sl-A) =0 = poles

Definition: A zero vector X; that satisfies AX; = 4;X; is called the eigen vector of
the matrix A associated with the eigen value 4

Note: 2 is called a natural frequency (oran eigenvalue) of thesystem x = Ax.
Why: Assume that x(t) = e*'x,, where x, is an initial condition. Then
X(t) = 4e*'x, = Ax = Ae™'X,
A Xy = AX,
(41— A)x, =0 (1)

Hence, A is an eigenvalue and X, is the corresponing eigenvector of the matrix A.
For a nonzero X,, (1) is satisfied if and only if det(4 1 — A) =0.
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A zerois a value of frequency s such that the inputisu(t) = uoeStthen the output is zero.
That is, the system has a nonzero input signal, but nothing comes out.

Let x(t) =e® X,
X = AX+ Bu
X = sx,e* = Ax,e* + Bu,e*"
[(sl — A)x, —Bu,]e®™ =0
For a nontrivial solution(¥] X} 3 3} ),
e =0
then, (sl — A)X,—Bu, =0 (2)

y = CXxX + Du
=Ce®* x, + Du,e* =0
(Cx, + Dug)e =0
Since e*® = 0, Cx, + Du, =0 ©))
combining (2) and (3) yields

S b F

. ] sl —A —B
For a nontrivial solution, =0

C D
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sl —-A —B
det[ }:o
C

D
The roots are zeros.
sl —-A —B
det[ c D }
S T(s) =
det[sl — A]

Ex.) Given that
X = Ax+ Bu
y =Cx+ Du

A:[_O3 (ﬂ,B:B}C =[1 0].D=0

The zeros are such that

s+3 -1 -1
sl-A -B
det =0 s -2/=0
C D
1 0O O

Chapter 3. Modeling in the Time Domain 24/36



s -2 O -2 O s
= (s +3) +1 —1
O O 1 o) 1 O
=0+24+s=s5s+2=0
zero is s =-—2
s+3 —1
Poles are s =0, -3 <= det[sl — A] = o ‘:s(s+3)
T(s) = s+ 2
s(s +3)
Previously
T(s) = c| 2AEIA) g 5
det(sl — A)

:s(sl+3)[1 O][cs) 5131;}
Sk H

= = —> The same result.
s(s+3) s(s+3)
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Frequency Domain vs. Time Domain
1. Frequency domain (classical approach)

— Only for linear time—invariant (LTI) SISO systems
— Easy understanding (graphical analysis possible)
— Both zeros and poles obtainable
— Cannot predict the behavior of higher

orders poles (usually for up to second-

order poles)

2. Time domain or state—space domain (Modern approach)

— Unified method

— Can be extended to nonlinear, time—varying systems

— Multi-input, multi-output systems (MIMO)

— Easy computer installation

— May be sensitive to parameter changes (no
specification of closed—loop zeros)
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stability criterion)

=
<
Q
c
2
i
0X
Hn
=]
g @
It

(Nyquist stability criterion)
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0
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20l HUHAIARS AlIZFSEE AI2dI0l&

Chapter 3. Modeling in the Time Domain 28/36



& HOHAIAES D
ANAE 25 JI=Y

ZYMES =3 y(s)
G(s): SHE L&

1= Jo
o1& r(s) 2et dis), HMANES n(s)

NOBRIPIRSI=EES

K(s) > G(s)

18 3.1

o
<
JA
e

I RIOIAIAE

In
J:
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K(s)

S
+
y(s)
IO TS é >

E8 y(s)=

y(S) — yr (S) + yd (S) + yn (S)

G(s)K(s)

Y, (s) =

1+ G(s)K(s)

1

Yd (S) =

Y, (8)=-

d
1+ G(s)K(s)

G(s)K(s)

r(s)

(s)

n(s)

1+ G(s)K(s)

Chapter 3. Modeling in the Time Domain 30/36



EH y(s)=
G(s)K(s) '(s) 1 d(s) - G(s)K(s)
1+ G(s)K(s) 1+ G(s)K(s) 1+ G(s)K(s)

y(s) = n(s)  (3.1)

-2 X (loop) B &4 G(s)K(s)

— H & XH(return difference) 8 &4 1+G(s)K(s)

— 2+S(sensitivity) @& &4 S(s) = = (3.2)
1+G(S)K(s)
— 0 2= (complementary sensitivity) E2 HF X M &2
G(s)K(s) (3.3)

T(S):1+c;(s)|<(s)
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— A Xl =& 2 XH(tracking error) e(s):

(3.4)
e(s) =r(s) - y(s) e
P ' B G(s)K(s) = (3.5)
TLGEKE Ly, L EEKE™
22, e(s)=SE){r(s)-dE)}+T(s)n(s) (3.6)

v S(S)+T(s) =1
- JIELE r(s)Y Y& d(s)= A=A HIEXIE JHE
==> NFIlAM= 2= BLE S S(s)E HAHE
- dAEE n(s)e LFIOUM HILHXIE JHA
==>JNFM0lAM= (2= dLE S T(s)E HAHE
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p HAESO Oict N T

=
-

X
Al

XA (3.5)0M MAMES

2 n(s)0il CHEt FEBHS NHSHH

_ G(s)K(s)
e(S) _1+G(S)K(S) n(s) (3.34)
|G () K (e e(s) =r(s) - y(s)

i
1 B G(s)K(s)
r(s)—d(s)}+ T+ GOK() n(s)

— J
- L
T 1+ G(s)K(s)
w%
mﬂ:ﬂ]ﬂﬁ;ﬂﬁr?ﬁxﬁ lag
x| gl Y

77 a7 gt A

3.5 LA HHAIAES S A4
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0
1

le\
-3 0 1|ix,p,+|0]u
%3 )

-4 0 O

1
3

y=[1 0 O0]ix,¢
X

rX\

"

-5 1 0

N

-
Xl
LX3)

1 X5 ¢

100

g
0]

$° +55°+3s+4
2= G(s)= -4.5328, -0.2336+j0.909901 =& S JI&!.

o0
ol
KJ
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MATLAB Z&2_]1& 2.1

A=[-510;-301;,-400];

B=[0; 0; 11];

C=[100]l;

D=[01];

[num,den] = ss2tf(A,B,C,D)

num =

0O 0.0000 0.0000 1.0000
den =
1.0000 5.0000 3.0000 4.0000

pole = roots(den)

pole =

—4.5328

—0.2336 + 0.9099i

—0.2336 - 0.9099i
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Linearization: Skill-Assessment Exercise 3.5

The relation between spring forcfg (t) and the spring displacem&gt
(1) = 2xs2 (t)

The applied force is T (t) =10+ f (1) , whi(d) is small
force about 10N constant force

Answer: initial state  f(0) =10N =2x2(0) .. %, (0) = J5N

Nonlinear ——= X(1)

Spring f(t)— f(t), =MX = MX

-
0000 1ke =70 MR +2¢ (1)= ()
[

MK, + 2xZ (0)+4x_ (0)x, () =10+ f (t)

Fig. 3. 15 Nonlinear Translational mechanical

system Xl _ XS (t) _ y(t)
X =X,
X, = X, =—4X_(0)x, —2x.*(0) +10+ o f (t)

= —4x_(0)X, + S f (t) =—4/5x, + 5 f (t)
Chapter 3. Modeling in the Time Domain 36/36
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Home Work #3 (Due date: two weeks from today)

1. Solve Problem 5 on page 147(150) in the text book. (6t edition)
2. Solve Problem 7 on page 147(150) in the text book.

3. Solve Problem 13 on page 147(151) in the text book.

4. Solve Problems 14 on page 147(151) in the text book.
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