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Chapter 3
Differential Motions and Velocities

3.1 INTRODUCTION

¢ Definition of Differential Motion : A small movements of

mechanism that can be used to derive velocity relationships between
different parts of the mechanism.

¢ In this chapters

¢ Differential Motions of frames relative to a fixed frame
e Jacobians and robot velocity relationships
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¢ Concept of the differential relationships :

The velocity of point 5 :
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- - Fig. 3.1 (@) A two-degree-of-freedom planar
mechanism and (b) a Velocity diagram
(b)
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3.2 DIFFERENTIAL RELATIONSHIPS
Velocity relationship of point B

Xg =1, cos b, +1,cos(b,+6,)
yg =1,5In6, +1,sIn(6,+6,)

dx; =-1,sin6,dé, —1,sin(6, +6,)(d6, +db,)
dy; =1,cosgdé, +1,cos(6, +6,)(d6, +dé,)

[dxﬂ - {— ,sing, —1,sin(6,+6,) —1,sin(6, +6’2)}[d6?1}

dy, |, cosd, +1,cos(6,+6,) |,cos(6,+86,) | dé,
Differential Jacobian Differential
Motion of B Motion of Joint
dX = Jd® The joint differential motions can be related to

the differential motion of the hand .
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3.3 JACOBIAN

¢ Definition : Jacobian is a representation of the geometry of the
elements of a mechanism in time.

¢ Formation : Jacobian is formed from the elements of the position

equations that were differentiated with respect to 6, and 0,.
¢ Assumption : A set of equations Y; in terms of a set of variables x

Yi = fi(X, X2, Xs,L , Xj)

oY, = oty OX, + oty OX, +L —+ oty SX;
OX, OX,, OX ;
oY, = o, X, + of OX, + of X
< OX, OX, OX ;
M
oY, = o, O X, + of, OX, +L +i5xj
i OX, OX,, OX ;
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3.3 JACOBIAN

_ - [ of1  Of1 of1 |- -

v o o T o, |
of2 . .
Ml 1o BB b o Matrix Representation
M M M ofi
. . loYi |= {a—xi}[ax il
X | (d6, |
dy dé,
dz Robot | d6, Differentiating the position
= . — equations of a robot
OX {Jacoblan} do
5y 10 [p)-[ o]
5
24 | do, |

Chapter 3. Dynamics_1 5/18




Pusan National University
School of Mechanical Engineering

3.4 DIFFERENTIAL MOTIONS OF A FRAME

¢ The differential motion of a hand frame of the robot are caused by the
differential motions in each of the joints of the robot.

¢ The differential motion of a frame:
¢ Differential translations,

e Differential rotations,
e Differential transformations(translations and rotations).

— y

(a) ®)

X

Fig. 3.2 (a) Differential motions of a frame and (b) differential motions of a frame
as related to the differential motions of a robot. (b) a Velocity diagram
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3.4.1 Differential Translations

¢ Definition : A translation of a frame at differential values.

¢ Representation : Trans(adx, dy, dz)

~ The frame has moved a differential amount along the 3 axes.
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3.4.2 Differential rotations

¢ Definition : A small rotation of a frame at differential values.

¢ Representation : Rot(k, dd), SIN X = OX,COSX =1

~ The frame has rotated an angle of g9 about an axis k
~ Differential rotation about the x, y, zaxis is ox, oy, oz, respectively.

(1 0 0 O (1 0-6y 0] (1 -6z 00]

0 1 -6&%& O 01 0 O oz 1 00
Rot(x,X) = Rot(y,dy) = Rot(z,0z) =

0 & 1 O oy 0 1 0 0 0 10

0 0 0 1] 00 0 1] |0 0 01]

Rot(x, 5x)Rot(y, oy) = Rot(y, dy)Rot(x, )
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Rot(x, 5X)Rot(y,SYy) =

Rot(y, Sy)Rot(x,5X) =

1
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0O 1 O
-0y 0 1
0O 0 O
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SindXx=0X, cosox=1 ox0y~0 = =

o O O -
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Rot(x, oX)Rot(y, dy) = Rot(y, dy)Rot(X, oX)
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0 0 1

Chapter 3. Dynamics_1

o
0
0
1

9/18




/sty Pusan National University
) School of Mechanical Engineering

3.4.3 Differential Rotation about a General Axis K

¢ A differential motion about a general axis K is composed of 3
differential motions about the 3 axes, in any order.

Rot(k,d#d) = Rot(x, x)Rot(y, oy)Rot(z, z)
(10 0 Of10-6y0|[1 -5200
01 -0101 0 Oz 1 00

05 1 0|oy0o 1 0[O0 0 10
00 0 1/00 0 1|0 0 01

1 ~ 0z & 0] [ 1 —& o O] |
< Neglect the higher
| oXy+oL —oXxdyor+1l-ox 0| | 1 -0 order differential motion
Tl-dy+kar x+dysr 1 0| |—dy o 1 o (P roneyen o o)
0 0 0 1] 0O 0 0 1
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3.4.4 Differential Transformations of a Frame

¢ Definition : A combination of differential translations and rotations.
[T +dT]=[Trans(dx,dy,dz)x Rot(k,d&)][T]
[dT]=[Trans(dx,dy,dz)x Rot(k,d&)—1][T]

[dT]=[A][T]

¢ A : Differential Operator
A =Trans(dx, dy,dz) x Rot(k,d@g) — |

1 00 dx|[ 1 -6z o6y O] 1 0 0 O 0 -5z oy dx]
0 1 0 dy|| oz 1 -o6x 0] |01 0O 0z 0 —-ox dy
100 1 dz||-sy Sx 1 0| |0 0 1 0| |5y Sx 0 dz
000 1//0 o o0 1//0001/ |0 0 0 O]
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3.5 INTERPRETATION OF THE DIFFERENTIAL CHANGE

¢ Matrix d7 represents the changes in a frame as a result of differential
motions.

¢ Each element of the matrix represents the change in the corresponding
element of the frame.

dnx dox dax dpx
dny doy day dp,
dn, do, da. dp;
O 0 O O

dT
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3.6 DIFFERENTIAL CHANGES BETWEEN FRAMES

[dT]1=[AIT]=[T]"a] _ [TTIAIT]=[TT I Al
Fixed Frame  Current Frame [TA] — [T]_l[A][T]

‘nx Ny N, —p-n| [ 0 —oz oy dx|
T Ox Oy 0; —P-0 Am oz 0 —oxdy
ax ay a; —p-a & X 0 dz (T5y=3-n
000 1 0 0 0 0 o
) ) ) } Oy =0-0
_ i S ==
0 -'& "oy Tdx < 52:?'3_ o
. . &2 0 —Tox Tdy Tdy=n-[(5- p)+d]
[TTIAITI=A=) [ . . o
-0y 'x 0 'dz dy=0-[(d-p)+d]
| 0 0 0 0] Td, =a-[(5-p)+d]
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3.7 DIFFERENTIAL MOTIONS OF A ROBOT AND ITS HAND FRAME
¢ Relation between the differential motions of the joint of the robot and
the differential motions of the hand frame and d7.

¢ It is a function of the robot’s configuration and design and its instantaneous
location and orientation.

dx dé
dy dé,
dz :{ Robot } dé; | or [D]=[3]D0]
OX Jacobian || dg,
oy dé,
|07 | d6; |
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3.8 CALCULATION OF THE JACOBIAN

¢ Key point : Each element in the jacobian is the derivative of a corresponding
kinematic equation with respect to one of the variables.

Consult Example 2.19 and below.... o
= Ju1 = —S1(Caxas + Caza3 + Coaz)
SZX = Ji2 = Cy(—S23sa4 — S23a3 — S2a2)
B T B 7 2
P | |Ci(Cpid, +Cpay +Ciay) ops
= Ji3 = C1(—S234a4 — S23a
Py Sl(C234a4 +C 8y + Czaz) — 1005 oGS me)
- 8px
S,pudy +5,,8,+ 5,8 = Ju = C1(~Szs4a
P, 23474 1 T28T8 © T2 Taking the derivative of p, |06, e = Ca(=Szseda)
1 1 »
5
The last column of the forward P«
kinematic equation of the robot 20 =Jis =
6

The first row of the Jacobian
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| 3.8 CALCULATION OF THE JACOBIAN

¢ The velocity equation relative to the last frame
[*DI=["J1[Dv]

¢ The differential motion relationship of Equation

°d, _TG‘]M BJ, L “J (do, |
Tedy T6'~]21T“>\]22 L T6‘Jz6 dl92
Td, || 0y L ™J, || d6,
TGé‘x ) T6‘]41 L T6‘]46 d‘94
R I R o
s, T3 L T6J66__d96_

T6Jli :(_nxpy'l'ny px)’ T6‘JZi :(_Ox Py +0,0y), T6J3i :(_ax Py +4, px)

Chapter 3. Dynamics_1 16/18




3.9 HOW TO RELATE THE JACOBIAN AND THE DIFFERENTIAL OPERATOR

¢ The differential motions of the robot’s joints are ultimately related to
the hand frame of the robot.

Metihod \

Meihad 2

AN

+ Equ. 3.10 and Jacobian calculate [D] matrix

+ [D] contains differential motions of the hand,

ax, dy, az, ox, oy, oz.
+ Equ. 3.15 used to calculate a7

AN

+ Equ. 3.24 and Jacobian calculate [7¢0] matrix
+ [D] contains differential motions of the hand,

Tsdlx, Tedy, Tedz, Téox, 76Oy, Téoz.
+ Equ. 3.19 used to calculate a7
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3.10 INVERSE JACOBIAN

¢ Inverse Jacobian used to calculate the differential motions needed at
the joints of the robot for a desired hand differential motion.

¢ Inverse Jacobian calculates how fast each joint must move so that the
robot’s hand will yield a desired differential motion or velocity.

¢ To make sure the robot follows a desired path, the joint velocities must
be calculated continuously in order to ensure that the robot’s hand
maintains a desired velocity.

[D]=[J][De]
[J71[D]=[3 "1[3][De] —[De] =[J 1[D]

[T6J —1][T6 D :[TGJ —1: [TGJ ][DH] BN DH ::TGJ —1: [T6 D]
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