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Chapter 4

Dynamic Analysis and Forces

4.1 INTRODUCTION

In this chapters.......
e The dynamics, related with accelerations, loads, masses and inertias.

Zﬁ:m-g Z'I_'=I o
Z?C——Zj: I-a (.——> med

Fig. 4.1 Force-mass-acceleration and torque-inertia-angular
acceleration relationships for a rigid body.

In Actuators.......

e The actuator can accelerate a robot’s links for exerting enough forces

and torques at a desired acceleration and velocity.

e By the dynamic relationships that govern the motions of the robot,
considering the external loads, the designer can calculate the necessary
forces and torques.
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4.2 LAGRANGIAN MECHANICS: A SHORT OVERVIEW

e Lagrangian mechanics is based on the differentiation energy terms
only, with respect to the system’s variables and time.

e Definition: L = Lagrangian, K = Kinetic Energy of the system, P = Potential
Energy, F= the summation of all external forces for a linear
motion, 7 = the summation of all torques in a rotational motion,
x = System variables

L=K-P

c_dfa| o

Lot 5x | X d| oL oL
i 2 T, = — | ———

c_dfa] a dt{og, )

L dt| 5o | 00
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SENCRNEE  Derive the force-acceleration relationship for the one-degree of freedom system.

Z
k F
AN 1 —— |:> KX <t — [ = Ot 111
Q) Q) | b
” X
I——> X
Fig. 4.2 Schematic of a simple cart-spring system. Fig. 4.3 Free-body diagram for the sprint-cart system.

Solution Kzlmvzzlm)&,lekX2 |:> L=K—P:£m)&—1kx2
2 2 2 2 2

e Lagrangian mechanics e Newtonian mechanics
=

oL d oL SF-ma

ok M=

E — i ke F —kx=ma — F =ma+kx

The complexity of the terms increases as the number of degrees of freedom

and variables.
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SENCEWEN  Derive the equations of motion for the two-degree of freedom system.

7
k F :
AN my }\ > In this system.......
ONNAWe) e It requires two coordinates, x and 0.
Z e It requires two equations of motion:
= x 1. The linear motion of the system.
Y 2. The rotation of the pendulum.
l
my,

Fig. 4.4 Schematic of a cart-pendulum system.
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r indi RV dFP/C do
: r,.=Isinfi—-lcos@j, Vec=—=——
€ The velocity of pendulum do dt

Ve =Vec+Veic =8+16c0s0i+165in0 ] =8+ 1605 0)i +165in 0
Ve :()&&I@tosﬁ)2 +(165in 9)2

k F
€ The kinetic energy of the cart and pendulum O’"l \\ '(')""""
K = Kcart + erndulum ; H»x
1 -
Kcart — Em1&
1 \ 7 1 2 1 . 2
K pendutum = EmZV P2 = Emz ()&F |6g€05¢9) +Em2 (IégSIn 9)

- K =1(m1+m2))8% +£m2(lz(& +2I6@$8£089)
2 2
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€ The potential energy of the spring and the pendulum
1, -
P :Ekx +m,gl (1-cos8)
€ The Lagrangian
1 1, 1,
L=K-P =E(m1 +m, )& £ m, (1762 +2I§$8c036’)—5kx ~m,gl (1-cos6)

%;L:(mﬁmz))wmzlﬁbose

i(%j = (m, +m, ) & m,|&os 6 —m,|Hsin g
dt\ ok

oL
OX

. F =(m +m,) & m)&osd —m,l&sin g +kx

—kx
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€ The Lagrangian for the rotational motion

L=K-P :%(mﬁmz))&% +%m2(I2@+ZI6§KCOSQ)—%kx2 ~m,gl(1-cosé)

2
o 2

i(é—l'j = m, 1% m,IBcos & — m, 18Esin 6

dt\ o8

%:_mzmﬁsin@_ngming F=(m+m,)& m, | &os & — m,18% sin 6 + kx
0

1264 m, I8cos 6

- T =m, 128 m,I8cos @ — m,188%in 8 + m, gl sin 6 + mzh%in 0
= m, 1% m,|&cos & +m,gl sin @

F m+m, milcosé | & [0 —-m,lsing || & kx
L= + + _
{T} {mzlcose m, | }{5} {O 0 H&} {nglsm 9}
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RN (Jsing the Lagrangian method, derive the equations of motion for the two-degree
of freedom robot arm.

Follow the same steps as before.......
e Calculates the velocity of the center of

mass of link 2 by differentiating its position:
e The kinetic energy of the total system is the
sum of the kinetic energies of links 1 and 2.
¢ The potential energy of the system is the
sum of the potential energies of the two
links:

Fig. 4.6 A two-degree-of-freedom robot arm.

K=Ki+Kz= B |A012}+ %|D(91+92)2 +%m2v.32
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€ The kinetic energy of link1 and link2

Xp =hC,+05I,C,  — % =—1,5,6:-051,S, 6+ 6
yo =S, +05,S, - =IC, 6&+o 51,C,, ( &+ &)
( S=8+% j
= & (12 +0.2512 +1,1,C,) + #(0.251%) + #8(0.512 +11,C,)
K=K, +K, = %lAé@}B%(éwé})z +%m2v§}

:_1(1mﬂfj@}{i(imzljj(éﬂéy+£m2v§}
203 2\ 12 2

2 2 4 2 4 2 2
I _J. rdm_J. rpAdr_smlll, I _.[ redm I,/r pAdr_— m,l,
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1

1 1 1
K — @f (E m1|12 +gm2|22 +E §m2|1|2C2j

6&( m2|§)+§@&( m2I22+; m,l.1,C, )

2
m,l +

€ The potential energy

| |
P = mlgalsl +M,g (Ilsl +52812j

€ The Lagrangian
L=K-P= (&(6 m,12 + (15 m, |2 + ; m, |2 + ; m,l,1,C, )M&(G mzlgj

+ M( m, I + ; m,,1,C, j m,g %181 —-m,g (IIS1 +|52812j
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+§‘§‘( m2I§+;m2I1I2Cj mlg%lsl—ng(llsl+|28 j

oo g e T, e T+ I, )

i(ij = (% m,|; Jr%mzlz2 +m,l7 + mzlllz(lzj@L m,l,1,S, 6’;&‘5%‘

T (% m2|22 + % m2|1|2C2 j @_%mZIJZSZ@?

oL 1 1
8_6,1:_(Em1+m2jgllcl_§nglzc12
podjen] o

dt| 50 | 06,
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From les [alfJ— oL

tl og, | 26

1
Il

(% m1|12 + m2|12 +%m2I22 + m2|1|2C2j§£‘+(% m2|22 +%m2I1I2C2j§§‘

—(m,l,1,S,)86 — ( m,l,1,S, jf& +( m, +m jgllCl+%ng|2C12

From T, = ((jjt[ alf J—@a;
00, 2

T2 = (% m2|22 +%m2lll2c2j§f‘+(% m2|22j§£L+ (% m2|1|282j4;? +%m29|2C12
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4.3 EFFECTIVE MOMENTS OF INERTIA

e To Simplify the equation of motion, Equations can be rewritten in
symbolic form.

T, :(%mllf +m,l? +%m2I22+m2I1I2C j (;m2I22+ myl,C, j&
i . :
—(m,L1,S,) mzlllzs 5 m,+m, |gl,C, +— m ,91,C,,

T, = @m2|§+;m|1|2cj (m2|§jé§c+@mlllzs j&% m,gl,C,,

o o )alon o) &) lon o) 4a) e,
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4.4 DYNAMIC EQUATIONS FOR MULTIPLE-DEGREE-OF-FREEDOM ROBOTS
4.4.1 Kinetic Energy

e Equations for a multiple-degree-of-freedom robot are very long and
complicated, but can be found by calculating the kinetic and potential
energies of the links and the joints, by defining the Lagrangian and by
differentiating the Lagrangian equation with respect to the joint variables.

i I . he is the angular momentum of the body about G
e The kinetic energy of a rigid body he 15 gular u e body abou

with motion in three dimension : @

K=1mv?+1ohe
2 2

e The kinetic energy of a rigid body
in planar motion

K= 2mv? s 1102
2 2

(a) (®)

Fig. 4.7 A rigid body in three-dimensional motion and
in plane motion.
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4.4 DYNAMIC EQUATIONS FOR MULTIPLE-DEGREE-OF-FREEDOM ROBOTS
4.4.1 Kinetic Energy

e The velocity of a point along a robot’s link can be defined by differentiating
the position equation of the point.

P = RTiiri :OTiiri

V. = d(RT, ) ZI: a(O-I-i)dqj dp

'odt = og dt |

e The kinetic energy along a robot’s link can be derived by

ZZZTrace(U JU,r)qib@&Jr ZI,(M)(&

i=1 p=1r=1
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4.4 DYNAMIC EQUATIONS FOR MULTIPLE-DEGREE-OF-FREEDOM ROBOTS
4.4.2 Potential Energy

e The potential energy of the system is the sum of the potential energies of each link.

P 22 Pi = 2[—migT (°Tir)]

where g =[g, g, g, 0]

e The potential energy must be a scalar quantity and the values in the gravity
matrix are dependent on the orientation of the reference frame.
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4.4 DYNAMIC EQUATIONS FOR MULTIPLE-DEGREE-OF-FREEDOM ROBOTS
4.4.3 The Lagrangian

|_:K_|3:i VST Trace(UiinUiTr)(&@
2 1=l p=1r=1
1 “
+§ |i(act)(ﬁ —Z[—migT ‘(OTiri)]
i=1 i=1
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4.4 DYNAMIC EQUATIONS FOR MULTIPLE-DEGREE-OF-FREEDOM ROBOTS
4.4.4 Robot’s Equations of Motion
e The Lagrangian is differentiated to form the dynamic equations of motion.

e The final equations of motion for a general multi-axis robot is below.

TI Z Dlj@."'l |(act)@+ ZZ Dljk@@c ‘|‘D|

=1 k=1

where, Dij = ZTrace(U Dj J pU -[IJ-I)

p=max(i, j)

Dijx = ZTrace(U oikd pU pi)

p=max(i, j k)

n

Di = Z—mpgTU pirp

p=i
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i

i_1ri =Y :[Xi’ Yir £, 1]T
| i

O —Op iy

where. oA1 _ OAllAZH.i-lAi

Figure 3.1 A point ‘r, in link i.

i_lAi :Tz,de,eT T

X,a X,x
(cosd —cosa,sing  sing;sind  a cosd |
sind. cosea, cosé  —sing; cosé  a siné,
0 sin ¢, CoS ¢, d.

0 0 0 1
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Y == () = AT
:oéflAzmi—lAiiri_|_0A11/§§mi—1A1iri+m
_|_OA1 "i_lé‘iri-l-oAji&
:{i o°A «%}n

L]

The partial differential of OA related to q 1S easily derived by using matrix Qi

* rotation joint * prismatic joint
0 -1 0 O] (0 0 0 O]
1 0 0O 0 00O
Qi — Q1 —
0O 0 0O 0 0 01
0 0 0 0 0 0 0 0]
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cosd —cose,sind  singsing,  a cosé, |

1 sin@  cosa,cosd.  —sing; cosé  a siné,
A=T4T0Tale =

| e 0 sing, cos ¢, d,
ﬂ=Qi A 0 0 0 1|
aq;
[ —sind  —cosa, cos®  sing,cosd, —a sing, |
0'™"A | cos€, —cosg;sing,  sing;sing, & cosé
26 | 0 0 0 0
0 0 0 0o
(0 -1 0 0lfcos@ -—cosa,sind singsing  a cosé |
1 0 0 Ofsing cosa;cosf —sing,cosd asing |
"o 0o 00| 0 sing, cos e, g |T9A
0 0 0 0ff 0 0 0 1
._.80A1:{0A11A2-“j'2Aj1Qj j_lAj“'i_lAi j<i
aq, 0 j>i
where we define U; zéoA
aq,
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U — ALQ A <
! 0 j>i

V; = 2 aOAi @f iri ={;Uij@j}ﬁ

o 04,

where velocity 1s also derived by using matrix i_1A| and Q

Next, we find the interaction effects between joints as

oU . ( OAj—le j_lAk—le k__lAj 1> K> |
oq t=Up =1 "AGQTALQ A iz jk
‘ 0 i<jori<k

.
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Kinetic Energy of a Robot Manipulator

e /INT s
G "LL]
[ "o = —:,\
= l_]llq
\A |22
g

® The kinetic energy dKi of a particle with differential mass dm
1 |
dKi = E()SIZ T 381‘2 T &z)dm Vi :|:leuij@fj| T

= %trace(viviT )dm = %Tr(viviT )dm

where (TrAzZn:a“), r=(x, Y, z, 1)

)" = ° = trace("§. )

=%Tr[Zi',Uij@%in[Zi]Uik@ﬁs‘ﬁ]T]dm

1

ETr[z ZU” '’V & ]dm
%Tr[ZZU”('r r'dm)U, " & ]
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The kinetic energies of all links

j=1 k=1
I Ixfdm Ixi y.dm '[xizidm
[xydm [yzdm  [yzdm
Ixizidm Iyi z,dm jzfdm
] _[xidm _[yidm _[zidm

] :j‘ri‘rdem:

where, 't =(x, VY, z, 1.

K=Y K, =33 TY 30,90, 661

i=1 i= j=1 k=1

D DIUIURITRPEES

i=1 j=1 k=1

K, = [dK, —Tr[ZZUlj(jr'erm)U,k &&]

.Mdm

'zidm

Jdm

.&dm_

and & are independent of the mass distribution of Ilink i.
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‘4 T

» Potential Energy of a Robot Manipulator

Piz—mig(oﬁ)z—mig(oAiFi) , 1=1 2, ...,n

“P=YR=Y (m)gAT)

where , g=(9,, 9,, 9,, 0)
in horizontal system g =(0, 0, —|g|, 0)
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» Motion Equations of a Manipulator

L=K-P

- Y NI, I, I+ Y maCA T
gL o
"t ok o

>

S YT I U,

j=I k=1 m=1

_Z ZTr(uij U@+
_ijngiJFJ
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iz
YA
e
:>\:

~Appendix for derivation of motion equation of manipulator

YYYI_TF(U., Ui )@?j@ﬁshzmg( A'T)

i=1 j=1 k=1

e z{Zgn U U N &
+zzrrr(uk,J U] i@%}

In second term of right side, 1f the subcripts are substituted as
j—>k, k—>jand Tr(ABT) Tr(AB")' _Tr(BAT) J,=J,' are used

ZZ[TF(UK,J U] ZZFF(U,kJ, i :ZZ[Tr(UjiJjUjkT)]

k=i j=1 j=i k=1 j=i k=1

—inrr(U,. U&= Y [TrU, U, )&

j=i k=1 k=i j=1
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@ errr(ujiJjUjkT)]@ﬁ%:iiTr(UJk Ui )&

Since k is increased to j, equation ol IS 0 when m is over j

aq,
d( oL L9 dq
—| — TrlJ,JU, i
dt(@@ﬁj mZ‘I@qm |:JZ|:; ( jk ji )@
n _j
+2. 2. TrU3,u;N&
j=i k=1

- _ _ZJ:ZJ:[Tr(Uka j jiT)G&@ﬁw +Tr(UijjUjimT)G&($ﬁ1]

+ _n Zj:Tr(U WU &
=23 YITU,,9Y, )@ﬁs@ﬁmZZTf(Uij Ui &
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- ) ® Assame way, subscriptis substituted as i—> J, j—>Kk, K—>m

ZZZ[Tr(Uu i~ ik )@%@&]"‘Zm g( Aj r.

i=1 j=1 k=1

n ] OA j—
YD NI IRV

1 b n j—
L2 U +U I U DIE, + 3 migU
j=i k=1 m=1 j=i
n J n j—
[Tr(UjkI J jmT)@ﬁ@fh]—Fzmngji iy
j=i k=1 m=1 j=i

i(a—LJZZ n ii[-rr(ujkm i )C&%_FZZT“UJ"JJ Ji )@L

=i k=1 m=1 j=1 k=1
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LAy g,
dt{ og ) oq;
n j n J _J
>:< ZZTF(UijjUjiT)@L+ ZZ[Tr(Uka J jiT)@@ﬁﬂ
j=i k=1 j=i k=1 m=1

n .
j—
=

Zle@_*_ZZhlkm@&@ﬁﬁ +C =T

k=1 m=1

& D= D TrU, U,
j=max(i, k)
hikm: Z Tr(Uka J jiT)

j=max(i, k, m)
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If a robot has 6 DOF, the dynamic model is derived as

Ti(’[)ziZTr o7, Jk(aOTkj & (t)

k=i j=1 aqj 00

6 1| A2 T 6 T\
ST T ek -Smel e

1k | 04,00, aoq,

® General Robot Dynamic Model

z(t) = D(a(v)&&t) + h(q(t), &t))+C(a(t))

7(t) : nx1 generalized torque vector

q(t) : nx1vector of the joint variables of the robot arm

&t) : nx1vector of the joint velocity of the robot arm

&t) : nx1vector of the joint acceleration of the robot arm
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D(q) D, Z Tr(UijjUjiT) . Inertia acceleration,

j=max(i, k)

moment ¢l A % = term

h(q, &® : Coriolis force, centrifugal force ol ¥ ¥ = term
h(@, @=(h,hy, -, h)

hi = kzri;,zn_; hikm“ﬁ%@gﬁn

hikm — z Tr(U ka j jIT)

j=max(i, k, m)

C(q) : gravity loading force vector (nx1)

C :Z(_mjguji J-FJ')
j=i
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Exmaple: 2 Link manipulator

r —ZDIK@JrZZh,km@ﬁgq% +C.

k=1 m=1

Figure 3.2 A two-link manipulator,

a, =a, =0,

link 0 a a o
1 0, 0 0
2 0, 0 { 0
d =a, = I
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OAi = Tz,de,eT T

C, -S, 0 IC,
|S, G 01,
|0 0 1 o0
0 0 0 1
C, =S, 0 IC,]
S, C, 0 IS
1A2: O2 O2 1 02
0 0 0 1|
_C12 _812 0
S, C, O
0A2:0A11A2: 52 52 1
0 0 O

ink| € | d | a | «
1 6, | O { 0
216 | 0| L]0
(cosé  —cosa,sind  sing;sing,  a cosé, |
i1, _|SING  cosa;cosf,  —sing,cos6,  asing,
Ao sin e, cos, d,
0 0 0 1
I(C,+Cy)
1(S, +3S,)
0
1

From the definition of the Q, matrix for a rotary joint i
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(
"_,‘. ngey = Y
Al — |
P -

l/” il /=

e

n

| i _ T C, =S, 0 IC,
For deriving D, = > Tr(U;JU;") L S, s
j=max(i, k) op = S, C, 0 IS
-5, -C, 0 -IS, 0 0 1
U _80A1_Q0A1— Cl _Sl O ISl _O O O 1_
e Y0 0 0 0
0 0 0 0
__312 _C12 0 -l (812 + Slﬂ
0 OAz 0 C12 _312 0 | (C12 + Cl)
U = = =
206, QA= o o o 0
0 0 0 0 |
aO
2228—(:::0'&‘1(?21'0‘2
Cc, -S, 0 Ic,|[-S, -C, 0 -Is,] [-S, -C, 0O —IS,]
|S G 0 s ||C, =S, 0 IC, | |C, -S, O IC,
0 0 1 0 0 0 O 0 0 0 ©
o0 0 0 20 0 O O] |0 O0 0 O
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*) Eq (3.2-18)0IA 1, =1, =1, =0

yz
le: ’Xlzdm
| 2 |3 1 2
=], X pA(—dX) :pA—:§m1I
1
IZX_ngI2
|, =1,=0
®) w2
m=pA| — \/_I_ *
1 1 "
| =| x*pAdx =pA— ==ml?
X Jo P P I‘/I - |
" u 2 h® 1
=2 y’dm=|2 y’pAdh==— pA=—mh* ~0
y _gyl J'gylp 810 12
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~ Emll2 00 —lmll 1m2I2 00 —imzl
3 2 3 2

0 0 0 0 0 0 O 0
‘]1 = J2 =

0 0 0 0 0 0 O 0

1 1

__Emll 0 0 m _ _—Emzl 0 0 m, _
D11 = TI‘(UllJlUlTl) -I-TF(U 21‘]2U 2Tl) Dy = Z TrU jk‘] jU jiT)
j=max(i, k)

:%mll2 +%m2|2 +m,C,I°

D12 = D21 :Tr(U 22‘]2U ;1)]
1 1 1 1 1

=m2I2(—g+§+§C2) :gmzl2 +§m2I2C2
1 1

1
D22 =TF(U22J2U2T2) — §m2|28122 +§m2|2C122 — gmzlz
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4 o . -, -C, 0 -Is
/ » Colioris and Centrifugal terms oo !
C, -S, 0 IS
U, =
n 0 0 0 O
hw= 2, TrUdU;") oA 0 0 0 0

j=max(i, k, m)

hl = izzl hlkm k§n£1 = hméf + hnz%*’ hm%*’ h1226%

hlll = ZTF(U jll‘] jU le) — Tr(Ulll‘]lullT ) +TF(U 211‘]2U 21T)
j=1

2
h112 = ZTI’(U j12‘] jU le) :Tr(U212‘]2U 21T)
j=2

h121 — Tr(U 221‘J 2U 21T )
h122 - TI’(U 222‘J 2U 21T )

h = —%mzszﬁegé —m,S 128
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2 2
h, =Y >, && =h,, 8 +h,, 86+ h, &+ h,, 6

k=1 m=1

m,S, |28

-

"2
_% mzszlzé% B mzszl 2%

%mzszlzé%

- h, %:{L‘j:

» gravity-related terms

C= (011 Cz)T
2

:Z(_mjguji JFj) - Z(_mjguji JFJ')

j=i j=i
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B [ =
A= |
g d

1— 2—
C1:_(mlgU11 rl"'nguzl r2)

S, -C, 0 IS, ] _IE
C, -5 0 IS
=-m(0,-9g,0,0)| * * Ll 0
0 0O 0 O 0
0 0 0 O J1
_ N
_312 _C12 0 _|(812+Sl) _E
—m, 0, —g, 0, 0) Co —Sp 0 I(C12 +C1) 0
0 0 O 0 0
0 0 O 0o |,

1 1 1
= EmlgIC1 +§mZgIC12 +§ng|c:1
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_812 _C12 0
Cob -5, O

0 0 O
0 0 O

1
= —M, (E g|C12 — glClz)

1mlgIC1 +£m2g|C12 +£m2gIC1
: 1G] ]2 2 2
-.c(f) = |5 )
i Englclz

o]
_|812 _E
IC, || 4

0 0
0 1
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- 0OR 10, Bc(0) A

1 ., 4 , 1 -, 1

|:Tl:|: gmﬂ +§mzl +m,C,| gmzl +§mzl C, {gﬂ

r2 Emzl2 +1m2I2C2 lm2I2 &
3 2 3 |

_% m232| 2‘% B m232| 2%

%mzszlzé%

1 1 1
EmlgIC1 +§m2gIC12 +Em2gIC1

1
Englclz
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Example 4.7 Using the aforementioned equations, derive the equations of motion for the two-
degree of freedom robot arm. The two links are assumed to be of equal length.

Follow the same steps as before.......
e Write the A matrices for the two links:

e Develop the Dy, Dix and D; for the robot.

Fig. 4.8 The two-degree-of-freedom robot arm of Example 4.4

¢ The final equations of motion without the actuator inertia terms are the same as below.

Ti= %mﬂz +%sz2 + m2|2C2j§‘+ (% sz2 +%m2|2C2j§‘

+ %m2|232j@ + (szZSz)@@+%mlgIC1 +%ng|C12 + ng|C1 + |1(act)§

Ty = (% mal? +%m2|2C2j§‘+ (% m2|2j§‘+ (% m2|282j+%ng|C12 + |2(act)@
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4.5 STATIC FORCE ANALYSIS OF ROBOTS

e Robot Control means Position Control and Force Control.

e Position Control: The robot follows a prescribed path without any reactive force.

e Force Control: The robot encounters with unknown surfaces and manages to
handle the task by adjusting the uniform depth while getting the reactive force.

Ex) Tapping a Hole - move the joints and rotate them at particular rates to
create the desired forces and moments at the hand frame.

Ex) Peg Insertion — avoid the jamming while guiding the peg into the hole and
Inserting it to the desired depth. 5

e

o1
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hand frame of the robot.

ow =["F[["D]=[T]D/]

FE]=[f, £, f, m, m, m,] -

I—p

[HF]T[HDjz[fX f, £, m. m m,]

4.5 STATIC FORCE ANALYSIS OF ROBOTS

» To relate the joint forces and torques to forces and moments generated at the

e Fis the force and m is the moment
along the axes of the hand frame.

e The total virtual work at the joints
must be the same as the total work
at the hand frame.

dx
dy
dz
OX

oy
oz

= fdx+L L +m,5z
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From Eq. (3.10) and (3. 24)
|:T6D:|=|:T6J][D9] 51_:_{.; |:HD:|=|:HJ:|[D9]
From Eq. (4.56): ow=["F[["D]=[T[D]

(“FT["p]= ["F]["3][D,])= [T] [D,]

T[]0
STl [MF

[T ] = [H J ]T [H F ] mmm)p e Referring to Appendix A
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[F]T :[fx fy fz Mx my mz]
[D]T :[dx dy dz 5x 5y 52]

o =[F] [o]-[*r] [*D]

2

4.6 TRANSFORMATION OF FORCES AND MOMENTS BETWEEN COORDINATE FRAMES

e An equivalent force and moment with respect to the other coordinate frame
by the principle of virtual work.

°E] =[°f ®fy, ®f, ®me ®m, ®m.

D[ =[%d. ®dy ®d. %5 %5, °6.)

e The total virtual work performed on the object in either frame must be the same.
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4.6 TRANSFORMATION OF FORCES AND MOMENTS BETWEEN COORDINATE FRAMES

e Displacements relative to the two frames are related to each other by the
following relationship.

0] =[*2][o]
ow ~[F] [0]-[ T [*0]-[*F] [*2](o]
AFT =[F][9] =[F1=[*3] [*F]

e The forces and moments with respect to frame B is can be calculated directly
from the following equations:
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Ex 4.9 Find the equivalent forces and moments in frame B

FT=[f f f, m m m[=[0 10b 0 0 0 20lb-in]
(0 1 0 3]
O 0 1 5
B =
1 00 8 .
0 0 0 1] b b
Bma
Solution &
i 1 a
f=[0 10 0], m=[0 0 20], p=[3 5 8] ]
= 5=[1 0 0], @a=[0 1 O R
0 0 1] 0=[1 0 o], a=[0 1 0] 5]
I ] Kk I
fxp=/0 10 0/=80i—0j-30k v%},
3 8
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B [ =
A= |
g d

% Appendix (Lagrange-Euler Formation)

d|{ oL | oL .
—— =7, 1=12,---,n
dt| o& | oq
_ =K-P : Lagrange funtion
-total kinetic energy
P .total potential energy
T, : generalized force

In case of rotary joint, ¢, =Q,
In case of prismatic joint,q. =d.

Chapter 4. Dynamics_2 50/59




Pusan National University
School of Mechanical Engineering

) » Derivation of Lagrange-Euler Equation

@ If we consider independent generalized coordinate (0, Uys -+ )
on a particle of mass, the position vector of particle mass m; is

expressed by r. =r.(q,, ---, d,)

(a)
i

[4

Xo
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If virtual displacement which is infinitesimal displacement, Jr., is considered.
(rl - rz)T (rl - rz)
~(r,+06r,—r,-6or) (r, =, —r,—6r,) =1
(rl - rz)T (rl - rz) + 2(I’1 - rz)T (5F1 —5[‘2)
+(or, = or,)" (o1, —61,) =1°
= 2(r—r,) (61, -61,)=0

Using a generalized coordinate

n, Oor
jz_;‘@q,- ‘

(6q; : virtual displacement in generalized coordinate, q; :coordinate)
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The total virtual work generated by virtual displacement
and force F equals zero.

Kk
Thatis, > F'6r,=0  F :Total force worked on particle i
=1

F:f+f®
Zo 1
where total work generated by f.®

k

S (@Y on=0 = ()85 =0

=1

o]
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If we consider a virtual force — (= m.& and D'alembert's principle,
each particle satisfies an equilibrium equation such as

Z(Fi - 6%)5ri =0

When the virtual work is applied to a system and delete constraint force

K
because » ()" or, =0.
i=1

(Zk: fiT —Zk: &T)&’i =0 .'.Zk:fiT&i —Zk: |8fT5ri =0 ~D

From (D, the virtual work generated by f.

K K n n
D fiom :sz:ﬂ&% =D ¥;64, -@
i1 i1 j-1 aqj -1
0, or : or . .
where, 6, =Y —L5q,, v, => f—- (j th generalized force)
i1 04 o 0q,
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A differential equation of p, = m.& in equation (D is derived as

zwr Zm@& ZZm@ar 59, -®

i=l j=1

where

: ar d| or
Zne -3l aq,} g a]

A velocity v. of particle m,

J_1an. dt
oV 0
i )__ _@
& o %aq,‘%

d| or f @2['_ OV. d( ov
= [ @! R «—_ | dt — @
dt{@qj } ;aqjaql aqj dt an
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Equation (), ® are substituted to Eq. @),

T OV, T OV,
Z_llm& 8qJ Z{dt{ i a«g} v aq,

The Kinetic energy K iIs as

Kzizk:mivai . —_Z V.
2 i=1 i=1

Equation (7 is derived as

@?i

m. L = — -®
= dq; dtok g,

Therefore from equation @ and

Zwr —Zm&?r —Zz<mi$%)

=1 i=1

Zk: &Tar. d oK oK

2l o

Zk: fror —Zk: B or =0
i=1 i=1

oK 8K
Z(dtc’i@ﬁ aq; )24, @
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Using egations (2) and (9), equation (D is derived as
K Kk
-'-ZISfT5ﬁ—ZfiT5ﬁ Zﬁf&—z%éqj—O -9

=1

d oK oK
( -——-y;)0q; =0
JZ; dt o g, ‘
k
where, Y for, = ZZfT P~ 5qJ ijéqj )
i=1 i=1 j=1 j
WAL
= é?qJ
From equation 0
d oK oK
- =y, -
dt o oq; Vi
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y ; with potential energy P Is as

d oK oK oP
— =——+7,
dto& oq, oq
Using Lagrangian function L=K -P
d oL oOL oP
- =7 Q—=0)
dt o oq, o

@ The generalized Lagrange-Euler equation is as

doL oL __
dt o& o0
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H.W. Assighment(#2) |

e Issued : April 8t", 2019
e Due : April 22M, 2019
e Text Problems : Text (Niku) Problem 3.
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