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The cartesian space

1. Cartesian space?
▪ The coordinate system which specified by perpendicular numerical 

coordinates
✓Mostly, the 3-dimensional space where we belong

▪ In Robotics, coordinates are classified into three types
✓Base coordinates

✓Axis coordinates

✓Tool coordinates
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The cartesian space - 4 X 4 Matrix
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Transfer matrix

({n}, {o}, {a}, {p})∈R3X1

𝑻 =
𝑹 𝑷
𝟎 𝟏

=
{𝒏} {𝒐} {𝒂} {𝒑}

𝟎𝟏×𝟑 𝟏 𝟒×𝟒

n1

o1

a1

n2

a2

p2

𝑻𝟏 =
𝑹𝟏 𝑷𝟏

𝟎 𝟏
, 𝑻𝟐 =

𝑹𝟏 𝑷𝟏

𝟎 𝟏

𝑻𝟏𝑻𝑿 = 𝑻𝟐

𝑹𝑿 𝑷𝑿𝑻𝑿=

𝟎 𝟏
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Forward Kinematics – Serial robot

1. Serial robot?
▪ The manipulator where axes are linked 

directly to adjacent axes.

▪ Easy to calculate forward kinematics

▪ Hard to calculate inverse kinematics

2. So how do we calculate the forward 
kinematics?
▪ We will discuss with D-H parameter later

✓Orthodox and practical method to express the 
configuration of the manipulator
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Forward Kinematics – Parallel robot

X
YZ

1. Parallel robot?
▪ The manipulator where the platform(end-

effector) are linked more than 2 axes.

▪ Hard to calculate forward kinematics

▪ Easy to calculate inverse kinematics

▪ For example:
✓DELTA robot (as shown left)
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Forward Kinematics – DELTA 3 robot
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Forward Kinematics – DELTA 3 robot

Llow

[xplatform,
yplatform,
zplatform]

A1v=[x1,y1,z1]
A2v=[x2,y2,z2]

A3v=[x3,y3,z3]

Llow

Llow



Measurement & Control Lab

Forward Kinematics – DELTA 3 robot

[xplatform,yplatform,zplatform]

[x1,y1,z1], [x2,y2,z2], [x3,y3,z3] 
are made of theta1, theta2, theta3

| [xplatform,yplatform,zplatform] - [x1,y1,z1] | = Llow
| [xplatform,yplatform,zplatform] - [x2,y2,z2] | = Llow
| [xplatform,yplatform,zplatform] - [x3,y3,z3] | = Llow

By solving the three equations above, 
[xplatform, yplatfrom, zplatform] can be calculated.

[0, 0, 0]

XB

YB

wB

Llow

[xplatform,
yplatform,
zplatform]

A1v=[x1,y1,z1]
A2v=[x2,y2,z2]

A3v=[x3,y3,z3]

Llow

Llow

𝑡 = 𝑤𝐵 − 𝑢𝑃

𝑥1 = 0

𝑦1 = − 𝑡 + 𝐿𝑡𝑜𝑝 × cos 𝑡ℎ𝑒𝑡𝑎1
𝑧1 = 𝐿𝑡𝑜𝑝 × sin(𝑡ℎ𝑒𝑡𝑎1)

𝑥2 = 𝑡 + 𝐿𝑡𝑜𝑝 × cos 𝑡ℎ𝑒𝑡𝑎2 × sin 120°

𝑦2 = − 𝑡 + 𝐿𝑡𝑜𝑝 × cos 𝑡ℎ𝑒𝑡𝑎2 × cos(120°)
𝑧2 = 𝐿𝑡𝑜𝑝 × sin(𝑡ℎ𝑒𝑡𝑎2)

𝑥3 = 𝑡 + 𝐿𝑡𝑜𝑝 × cos 𝑡ℎ𝑒𝑡𝑎3 × sin −120°

𝑦3 = − 𝑡 + 𝐿𝑡𝑜𝑝 × cos 𝑡ℎ𝑒𝑡𝑎3 × cos(−120°)
𝑧3 = 𝐿𝑡𝑜𝑝 × sin(𝑡ℎ𝑒𝑡𝑎2)
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Forward Kinematics – DELTA 3 robot

[xplatform,yplatform,zplatform]
[0, 0, 0]

XB

YB

wB

Llow

[xplatform,
yplatform,
zplatform]

A1v=[x1,y1,z1]
A2v=[x2,y2,z2]

A3v=[x3,y3,z3]

Llow

Llow

𝑤1 = 𝑥1
2 + 𝑦1

2 + 𝑧1
2, (𝑥1 = 0)

𝑤2 = 𝑥2
2 + 𝑦2

2 + 𝑧2
2

𝑤3 = 𝑥3
2 + 𝑦3

2 + 𝑧3
2

𝑑𝑛𝑚 = 𝑦2 − 𝑦1 × 𝑥3 − (𝑦3 − 𝑦1) × 𝑥2
𝑎1 = 𝑧2 − 𝑧1 × 𝑦3 − 𝑦1 − 𝑧3 − 𝑧1 × 𝑦2 − 𝑦1

𝑏1 = −
𝑤2 − 𝑤1 × 𝑦3 − 𝑦1 − 𝑤3 − 𝑤1 × 𝑦2 − 𝑦1

2

𝑎2 = − 𝑧2 − 𝑧1 × 𝑥3 + 𝑧3 − 𝑧1 × 𝑥2

𝑏2 =
𝑤2 −𝑤1 × 𝑥3 − 𝑤3 −𝑤1 × 𝑥2

2

𝑑 = 𝑏2 − 4 × 𝑎 × 𝑐

𝑎 = 𝑎1
2 + 𝑎2

2 + 𝑑𝑛𝑚
2

𝑏 = 2 × 𝑎1 × 𝑏1 + 𝑎2 × 𝑏2 − 𝑦2 × 𝑑𝑛𝑚 − 𝑧1 × 𝑑𝑛𝑚
2

𝑐 = (𝑏2 − 𝑦1 × 𝑑𝑛𝑚)
2+𝑏1

2 + 𝑑𝑛𝑚
2 × 𝑧1

2 − 𝐿𝑙𝑜𝑤
2

𝑥𝑝𝑙𝑎𝑡𝑓𝑜𝑟𝑚 =
𝑎1 × 𝑧𝑝𝑙𝑎𝑡𝑓𝑜𝑟𝑚 + 𝑏1

𝑑

𝑦𝑝𝑙𝑎𝑡𝑓𝑜𝑟𝑚 =
𝑎2 × 𝑧𝑝𝑙𝑎𝑡𝑓𝑜𝑟𝑚 + 𝑏2

𝑑

𝑧𝑝𝑙𝑎𝑡𝑓𝑜𝑟𝑚 = −
𝑏 + 𝑑

2 × 𝑎
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